On the consistency of universally non-minimally coupled
  $f(R,T,R_{\mu\nu}T^{\mu\nu})$ theories by Ayuso, Ismael et al.
ar
X
iv
:1
41
1.
16
36
v2
  [
he
p-
th]
  1
4 M
ay
 20
15
On the consistency of universally non-minimally coupled f(R, T,RµνT
µν) theories
Ismael Ayuso,1 Jose Beltrán Jiménez,2, 3 and Álvaro de la Cruz-Dombriz1
1Departamento de Física Teórica I, Ciudad Universitaria,
Universidad Complutense de Madrid, E-28040 Madrid, Spain.
2Centre for Cosmology, Particle Physics and Phenomenology,
Institute of Mathematics and Physics, Louvain University,
2 Chemin du Cyclotron, 1348 Louvain-la-Neuve, Belgium.
3CPT, Aix Marseille Université, UMR 7332, 13288 Marseille, France.
We discuss the consistency of a recently proposed class of theories described by an arbitrary
function of the Ricci scalar, the trace of the energy-momentum tensor and the contraction of the
Ricci tensor with the energy-momentum tensor. We briefly discuss the limitations of including the
energy-momentum tensor in the action, as it is a non fundamental quantity, but a quantity that
should be derived from the action. The fact that theories containing non-linear contractions of
the Ricci tensor usually leads to the presence of pathologies associated with higher-order equations
of motion will be shown to constrain the stability of this class of theories. We provide a general
framework and show that the conformal and non-minimal couplings to the matter fields usually lead
to higher-order equations of motion. In order to illustrate such limitations we explicitly study the
cases of a canonical scalar field, a K-essence field and a massive vector field. Whereas for the scalar
field cases it is possible to find healthy theories, for the vector field case the presence of instabilities
is unavoidable.
PACS numbers: 04.30.-w, 04.50.Kd, 98.80.-k
I. INTRODUCTION
A key question in gravitational physics and possible
extensions of Einsteinian gravity resides in the coupling
of gravity and matter fields. Even assuming the correct-
ness of the Equivalence Principle – and the subsequent
minimal coupling between matter and geometry as dic-
tated by General Relativity (GR) – strongly supported
by astrophysical and laboratory tests, violations of the
minimal coupling may still be allowed in scales and at
times where experiments have not been performed yet.
In the existing literature, there is a pleiade of propos-
als for non-minimal couplings such as those provided
by scalar-tensor theories [1], vector-tensor theories [2]
and different couplings between matter and geometry [3],
among others. A recently proposed departing point con-
sists of suggesting the coupling of a function of the Ricci
scalar to the matter Lagrangian, a proposal which has
produced numerous studies for gravitational and cosmo-
logical issues on the subject (c.f. [4, 5] and references
therein). In this work we shall consider a class of ex-
tended gravity theories in which the gravitational action
is given by a general function f(R, T,RµνT µν), where R
and T denote the Ricci scalar and the trace of the energy-
momentum tensor, respectively and RµνT µν holds for
the contraction of the Ricci and energy-momentum ten-
sors. We shall herein address the theoretical consistency
of this class of theories with special emphasis on cou-
plings to either scalar or vector fields. Before proceed-
ing, let us point out that, as it is well-known, there are
important criteria to be fulfilled by any extended theo-
ries beyond Einsteinian gravity which would like to be
claimed as a well-founded theory able to describe the
gravitational interaction. These criteria aim to guaran-
tee the absence of instabilities such as the appearance of
ghost-like modes and the exponential growth of pertur-
bations around well-established spacetime backgrounds,
among others. For instance, an undesirable instabil-
ity is the so-called Dolgov-Kawasaki instability which
appears when at least one extra degree of freedom of
the theory behaves as a ghost and therefore this mode
would act to destabilise the theory with no stable ground
state. The avoidance of the Dolgov-Kawasaki instability
has been developed to constrain the extensively studied
f(R) gravity with minimal [6–9] and non-minimal cou-
plings of the curvature with matter [10]. Authors in [11]
and [12] have recently addressed this instability issue for
f(R, T,RµνT
µν) theories.
Another important requirement usually demanded by
extended theories consists of the avoidance of the Os-
trogradski instability, i.e., the fact that a linear instabil-
ity appears in Hamiltonians associated with Lagrangians
which depend upon more than one time derivative non-
degenerately [13, 14]. Consequently this type of Hamil-
tonians turn out not to be bounded from below and well-
defined vacuum states are absent. Theories with higher-
order equations of motion can however be sensible pro-
vided that they are regarded within the framework of ef-
fective field theories. In such a framework the operators
leading to the higher-order equations of motion are sim-
ply the first terms of some expansion whose adequate re-
summation might give rise to well-behaved theories (this
is the situation for instance when one integrates heavy de-
grees of freedom out). Another possibility to make sense
of theories with higher-order equations of motion is to
remove the undesired unstable degrees of freedom from
the physical spectrum of the theory or, at the classical
level, constraining the physically allowed set of boundary
2conditions. However, one needs to make sure that such a
procedure does not get spoilt by either time-evolution or
coupling to other fields. This approach was followed in
[15] for the case of the degenerate Pais-Uhlenbeck field.
A widely accepted way of circumventing the Ostro-
gradski instability when considering scalar-tensor the-
ories of gravitation, consists of requiring the Euler-
Lagrange equations to be second order even if higher or-
der derivatives are present in the action. Following this
line of reasoning, Horndeski’s theorem [16] provides the
most general Lagrangian density for a scalar-tensor the-
ory which provides second-order Euler-Lagrange equa-
tions, being for instance Galileons theories [17] subsets
of Horndeski-like theories. Nonetheless, recent propos-
als have ensured second order equations of motion and
hence the absence of Ostrogradski ghost degrees of free-
dom for theories which do not fall under the form of
Horndeski-like theories. Among others, let us mention
healthy theories beyond Horndeski [18], the introduction
of derivative couplings through a disformal metric be-
tween the scalar and the matter degrees of freedom [19],
multi-scalar field theories [20], non-local gravity theories
[21] and non-linear combinations of purely kinetic gravity
terms [22].
With sole dependency on R, the theories under con-
sideration of course correspond to the extremely popular
f(R) gravity modified theories, which might be thought
of as the only local, metric-based and generally coordi-
nate invariant and stable modifications of gravity [14, 21].
Both viability and stability conditions for f(R) theo-
ries have been widely studied and guarantee the attrac-
tive character, the aforementioned avoidance of Dolgov-
Kawasaki instability, the agreement with solar system
tests and evolution of geodesics [23].
With regard to Lagrangians with both R and T depen-
dence, these kinds of modified gravity were originally in-
troduced in [24] and later on considered in [25] and some
cosmological aspects have been already explored, such as
the reconstruction of cosmological solutions [26] in par-
ticular late-time acceleration ones [27]. Also the energy
conditions have been analyzed in Ref. [28]. The ther-
modynamics of Friedmann-Lemaître-Robertson-Walker
(FLRW) spacetimes has been studied in Ref. [29]. More
recently the possibility of irreversible matter creation
processes and the possibility of the occurrence of fu-
ture singularities were addressed in [30] and [31] respec-
tively. Theories with non standard couplings between the
geometry and the matter Lagrangian (see [32]) usually
suffer from not conserving the energy-momentum ten-
sor which implies a stringent shortcoming for their vi-
ability. For f(R, T ) theories, this issue was studied in
[33] showing that gravitational Lagrangians of the form
f1(R) + f2(T ) can always be constructed to be consis-
tent with the energy-momentum tensor standard conser-
vation, at least for a single perfect fluid for adequate
choices of functions f1,2. Despite this partial success
the growth rate in f(R, T ) theories was shown [33] to
be highly compromised by the existence of oscillations in
the density contrast evolution, the occurrence of singu-
larities and the fast growth of the density contrast in the
studied models.
Theories including also terms of the form RµνT µν have
attracted some attention in recent years. Authors in [11]
claimed some motivation for these theories arguing that
the Hor˘ava-like gravity power-counting renormalizable
covariant gravity might represent the simplest power-law
version of f(R, T, RµνT µν) theories [34]. One could then
expect that such theories provide some insight between
the usual approach in extended theories of gravity and
Hor˘ava-Lifshitz theory. Several aspects of these theo-
ries are already available in literature. For instance, the
energy conditions for these theories were originally ad-
dressed in [35] where authors used models presented in
[11] and [12] finding constraints on the model parameters
from the Raychaudhuri equation. Finally, some efforts
have been made to try to establish the thermodynamics
for black holes embedded in a FLRW spacetime develop-
ing the Friedmann equations for spatially curved space-
time and showing that for those theories these equations
can be transformed into the form of Clausius relation
[36].
The paper is structured as follows: in Sec. II we
present some generalities of the theories under consid-
eration, paying special attention to the theoretical lim-
itations imposed by the fact of considering the energy-
momentum tensor at the level of the gravitational action.
There we shall also include the multi-scalar representa-
tion which will allow us to identify the potential instabil-
ities in a transparent way. Therein we shall specify the
analysis for the restricted cases of f(R) and f(R, T ) the-
ories. In Sec. III we shall focus on the case of the canon-
ical scalar field, the appearance of instabilities for such
a choice and the appropriate gravitational Lagrangians
capable of preserving second order field equations either
in the original formulation or in the multi-scalar repre-
sentation. The same kind of studies as in the previous
Section shall be performed in Secs. IV and V for K-
essence theories and vector fields respectively. Sec. VI is
then devoted to illustrating the shortcomings of classes of
models for the gravitational Lagrangian and constraints
to be imposed on the parameters in order to guarantee
viability. Finally we shall end with in Sec. VII with the
main conclusions.
Throughout this paper, Greek indices run from 0 to
3, the symbol ∇ denotes the standard covariant deriva-
tive and the signature +,−,−,− is used. The Riemann
tensor definition is Rµναβ = ∂αΓ
µ
νβ − ∂βΓµνα + ΓµσαΓσνβ −
ΓµσβΓ
σ
να.
3II. GENERALITIES AND MULTI-SCALAR
REPRESENTATION
The theories that we shall consider throughout this
work are based on an action of the following form:
S =
∫
d4x
√−g
[
f(R, T,RµνT
µν) + Lm(gµν ,Ψ)
]
, (1)
where f is an arbitrary function of its arguments, Rµν
is the Ricci tensor corresponding to the Levi-Civita con-
nection of the spacetime metric gµν , R ≡ gµνRµν holds
for the scalar curvature and T µν is the energy-momentum
tensor of the matter fields Ψ described by the Lagrangian
Lm and defined as
T µν = − 2√−g
δ(
√−gLm)
δgµν
. (2)
Finally, T ≡ gµνT µν holds for the trace of the energy-
momentum tensor. In addition, we will further as-
sume that the matter fields in Lm are minimally cou-
pled to gravity so that all the non-minimal couplings will
come from f(R, T,RµνT µν). Since the appearance of the
energy-momentum tensor in the action might be worri-
some, a few words about the construction of the theo-
ries as given in (1) are in order here. This digression
lies in the fact that the standard lore consists of defin-
ing the energy-momentum tensor as the variation of the
action itself so this procedure would lead to an endless
loop. One could try to construct the theory by a per-
turbative expansion analogous to the Gupta problem for
gravity, i.e., one could start with a linear coupling of
the Ricci tensor to the energy-momentum tensor of the
matter fields. This will modify the energy-momentum
tensor of the matter field, so the coupling will acquire
a correction. This process will in general generate an
infinite series that should be resummed in order to ob-
tain the full theory. We will not pursue this approach
here, but will regard (1) as a purely procedural way of
defining the theory. In fact, theories described by (1)
can be consistent without the infinite contributions from
the non-minimal coupling to the energy-momentum ten-
sor provided that we assume the contributions entering
as arguments of the function f solely correspond to the
energy-momentum tensor of the matter Lagrangian alone
defined through (2). It remains doubtful that one can
dub energy-momentum tensor to such an object within
the context of these universally non-minimally coupled
theories. We could mention at least two reasons for this
skepticism.
First of all, that object is obviously not conserved and
does not correspond to the Noether current associated
with infinitesimal translations. Secondly, being all fields
non-minimally coupled to gravity, the difference of T µν
and the canonical energy-momentum tensor is not sim-
ply a total divergence1. For this particular study, we
shall consider the action (1) together with (2) as an op-
erational approach to describe the theory. Thus we shall
call energy-momentum tensor to T µν with the aforemen-
tioned discussed objections.
An even more worrisome aspect of theories described
by (1) is the coupling of the Ricci tensor to the energy-
momentum tensor: since Rµν contains second deriva-
tives of the metric tensor, and T µν will typically have
first derivatives of the matter fields, the equations of mo-
tion are expected to be higher than second order and
the Ostrogradski instability [13] is likely to be present.
It is worth stressing that it is precisely the coupling to
the Ricci tensor which will generically render the theory
unstable. As it is well-known, despite containing sec-
ond derivatives in the Lagrangian, f(R) theories avoid
the Ostrogradski instability because they are constructed
out of the Ricci scalar solely [14]. However, for arbi-
trary functions explicitly containing the Ricci tensor, e.g.
RµνR
µν , a ghost associated with the higher-order deriva-
tives arises. In fact, in the following three Sections III,
IV and V, we shall study this feature for cases where the
matter fields are described either by scalar or by vector
fields. We shall thus show that ghost modes are generally
present in these theories due to the coupling RµνT µν and
that its avoidance considerably restricts the allowed form
for the function f as will then be illustrated in Section
VI.
A. Multi-scalar representation
Before considering the presence of the Ostrogradski
instabilities in this theories, we will present a general
framework in which this instability (and its origin) can
be more easily identified. To that end, we will rewrite
the theory presented in (1) using the multiscalar-tensor
representation. This way we intend to illustrate the gen-
erality with which the Ostrogradski instability will show
up within these theories due to the aforementioned cou-
pling RµνT µν . Lets start by rewriting action (1) as
S =
∫
d4x
√−g
[
f(χ1, χ2, χ3) +
3∑
i=1
fχi (Pi − χi) + Lm
]
(3)
where χi=1,2,3 are auxiliary fields, P1 ≡ R, P2 ≡ T ,
P3 ≡ RµνT µν , and fχj ≡ ∂f/∂χj, j = 1, 2, 3. The cor-
responding field equations for those auxiliary fields are
given by
∂2f
∂χi∂χj
(
Pi − χi
)
= 0. (4)
1 This is actually a feature present in all non-minimally coupled
theories. These non-minimally couplings can be understood as
arising from couplings of the graviton to surface terms [37].
4Thus provided that det ∂
2f
∂χi∂χj
6= 0, the only solution of
(4) turns out to be χ1 = R, χ2 = T , χ3 = RµνT µν and
consequently the action (3) is dynamically equivalent to
the original action (1). Let us stress that a necessary
condition for the transformation to the multiscalar-tensor
representation (3) to be valid lies in the non degeneracy,
i.e., non vanishing determinant, of the matrix ∂
2f
∂χi∂χj
.
This element will play an important role later on. At
this stage, we will introduce a field redefinition as follows
ϕi = −fχi . Assuming that this redefinition is invertible,
so that χi can be expressed as a function of {ϕ1, ϕ2, ϕ3},
the action (3) can be written as
S =
∫
d4x
√−g
[
U(ϕ1, ϕ2, ϕ3)− ϕ1R− ϕ2T
− ϕ3RµνT µν + Lm
]
, (5)
where we have introduced the definition U(ϕ1, ϕ2, ϕ3) ≡
f(ϕ1, ϕ2, ϕ3) +
∑3
i=1 ϕiχi(ϕ1, ϕ2, ϕ3).
Now we can follow the usual approach to disentan-
gle the nonminimal coupling ϕ1R by means of a con-
formal transformation of the form gµν = e2Ωg˜µν , with
Ω = log 1√
16piGϕ1
so the action (5) becomes2
S =
∫
d4x
√
−g˜ {e4ΩU(Ω, ϕ2, ϕ3)
− 1
16πG
(
R˜− 6g˜αβ∂αΩ∂βΩ
)
− ϕ2T˜
− e−2Ωϕ3
[
R˜µν − 2∇˜µ∇˜νΩ+ 2∇˜µΩ∇˜νΩ
− (2g˜αβ∂αΩ∂βΩ+ ˜Ω) g˜µν
]
T˜ µν
+ e4ΩLm(e2Ωg˜µν ,Ψ)
}
, (6)
where we have have dropped a total divergence and used
the transformation properties of the Ricci tensor and
scalar curvature under conformal rescaling given by
Rµν = R˜µν − 2∇˜µ∇˜νΩ + 2∇˜µΩ∇˜νΩ
− (2g˜αβ∂αΩ∂βΩ+ ˜Ω) g˜µν , (7)
R = e−2Ω
(
R˜− 6g˜αβ∂αΩ∂βΩ− 6˜Ω
)
. (8)
We have also defined the energy-momentum tensor in the
conformally transformed frame as3
T˜µν = e
2ΩTµν . (9)
2 Notice that the scalar Ω is dimensionless. To restore its natu-
ral dimension and have a canonically normalized scalar field, it
should be rescaled as Ω→
√
8piG
3
Ω.
3 Notice that this is not the energy-momentum tensor one would
obtain from (2) in the Einstein frame, but it is defined as T˜µν =
−
2√−g˜
δ(
√−gLm)
δg˜µν
.
and its trace with respect to g˜µν as T˜ ≡ g˜µν T˜µν = e4ΩT .
After the conformal transformation we see that the de-
gree of freedom contained in ϕ1 has been transferred to
the conformal mode Ω. We will see later that, in some
cases, the conformal transformation needs to be more
general (depending also on the matter field and ϕ3).
At this stage, let us further clarify the procedure
sketched above when specified by several paradigmatic
and simpler scenarios of extended gravity theories, such
as Lagrangians of the forms f(R) and f(R, T ). Im-
mediately afterwards, we will go back to the general
f(R, T,RµνT
µν) case under study in this paper.
• f(R) case
In the extensively studied scenario of pure f(R) fourth-
order gravity theories [38], the previous derivation is
nothing but the usual approach that clearly shows how
the conformal degree of freedom behaves as a standard
scalar field coupled to matter. Thus, these theories avoid
the Ostrogradski instability. The non-degeneracy con-
dition reduces in that case to fRR 6= 0. Whenever the
latter condition does not hold, it simply means that the
theory is linear in R, i.e., we are dealing with the usual
Einstein-Hilbert action.
• f(R, T ) case
For Lagrangians with an arbitrary function depending
only upon both R and T , i.e., for the so-called f(R, T )
theories, the auxiliary field ϕ2 in (6) can be integrated
out by using its own equation of motion, which is given
by
∂U
∂ϕ2
− T = 0 ⇒ ϕ2 = ϕ2(ϕ1, T ) . (10)
If the previous equation is rewritten after having per-
formed the conformal transformation, we would obtain
ϕ2 = ϕ2(Ω, T˜ ) instead. To proceed with our analysis,
we need to assume that this algebraic equation is in fact
solvable with respect to ϕ2. In some cases this does not
need to be the case and, in addition, when solving equa-
tion (10), one might find several branches corresponding
to different solutions of this equation. Moreover, there is
a special case when the function U is linear in ϕ2 since,
for such case, ϕ2 acts as a Lagrange multiplier impos-
ing a constraint equation rather than being an auxiliary
field. These cases are usually related to those models for
which the auxiliary field χ2 cannot be introduced. Leav-
ing pathological cases aside and assuming the solvability
of the above equation (10), the action (6) for f(R, T )
5theories after integrating out the auxiliary field ϕ2 reads
S =
∫
d4x
√
−g˜
[
e4ΩU(Ω, T˜ ) + e4ΩLm(e2Ωg˜µν ,Ψ)
− 1
16πG
(
R˜− 6g˜αβ∂αΩ∂βΩ
)
− ϕ2(Ω, T˜ )T˜
]
=
∫
d4x
√
−g˜
[
− 1
16πG
(
R˜− 6g˜αβ∂αΩ∂βΩ
)
+ P(Ω,Ψ)] , (11)
where we have defined
P(Ω,Ψ) ≡ e4ΩU(Ω, T˜ )− ϕ2(Ω, T˜ )T˜ + e4ΩLm(e2Ωg˜µν ,Ψ).
(12)
This function comprises all the matter sector terms in-
cluding couplings to the conformal mode Ω. Notice that
the conformal mode appears with no derivatives and only
the matter fields Ψ will enter with derivatives in P . In
the standard case, the energy-momentum tensor will de-
pend upon both the matter fields and their first deriva-
tives4. Hence the above action with these kinds of func-
tions f(R, T ) will generically avoid the Ostrogradski in-
stability except for some pathological cases such as sce-
narios where for instance, expression (4) is not invertible
or equation (10) cannot be solved for ϕ2 and therefore
this construction fails. The expression (11) also tells us
that for the case of scalar fields, the resulting Lagrangian
term P in (11) will resemble that of K-essence models
and the stability conditions can then be obtained in an
analogous manner to f(R,Lm) theories as it is done in
[4]. It is important to keep in mind that, even though
these theories can generically avoid the Ostrogradski in-
stability, they can still have instabilities of a different
nature around specific backgrounds.
• General f(R, T,RµνT µν) case
Let us now return to the general case of univer-
sally non-minimally coupled Lagrangians of the form
f(R, T,RµνT
µν) as given in (6). In this case, we can see
the appearance of two types of problematic terms. They
can be more easily identified by rewriting the action (6)
as
S =
∫
d4x
√
−g˜
{
Uˆ(Ω, T˜ , ϕ3)
− 1
16πG
(
R˜− 6g˜αβ∂αΩ∂βΩ
)
− e−2Ωϕ3
[
R˜µν T˜
µν −
(
2T˜ µν + T˜ g˜µν
)
∇˜µ∇˜νΩ
+ 2
(
T˜ µν − T˜ g˜µν
)
∇˜µΩ∇˜νΩ
]
+ e4ΩLm(e2Ωg˜µν ,Ψ)
}
,
(13)
4 This is so because we are considering matter fields whose La-
grangian only depends upon first order derivatives.
where, in the very same manner as for the f(R, T ) case,
we have integrated out the auxiliary field ϕ2 by using its
own equation of motion and we have rearranged terms in-
cluding ϕ2 in Uˆ(Ω, T˜ , ϕ3) ≡ e4ΩU −ϕ2(Ω, T˜ , ϕ3)T˜ . With
the action expressed in this form we can clearly identify
therein two potential stability problems that we describe
in the following:
1.- On the one hand, there are terms with second or-
der derivatives of the conformal mode of the form
Kµν∇˜µ∇˜νΩ where Kµν contains first derivatives of
the matter fields. Therefore, this term will lead
to higher-order equations of motion and, thus, the
propagation of additional degrees of freedom which
will correspond to unstable Ostrogadski modes. As
we will discuss below in more detail, there are cases
in which the structure of Kµν makes it possible to
avoid higher-order equations of motion. This opens
the possibility of having consistent theories of the
discussed type, but the universal validity of theories
with non-minimal couplings must be abandoned, as
we will see later. For instance we shall show how
standard vector field theories do lead to Ostrograd-
ski modes.
2.- On the other hand, there is also a non-minimal cou-
pling of the Ricci tensor to the energy-momentum
tensor which might be the origin of additional in-
stability problems. In particular:
2.1.- For a fixed curved background, this coupling
will modify the kinetic term of the matter field
and could turn it into a ghost (and/or other
type of instabilities) due to the non-definite
signature of the Ricci tensor.
2.2.- For dynamical gravitational fields, these non-
minimal couplings will generally introduce ad-
ditional propagating degrees of freedom asso-
ciated with higher-order equations of motion
with the corresponding Ostrogradski instabil-
ity. Again in this case, for specific types of
matter and particular choices of the function
f , these non-minimal couplings might actually
be stable.
The two points above are general features of these theo-
ries, but there can be ways of avoiding the Ostrogradski
instabilities. In the general case, we also have the auxil-
iary field ϕ3 that can be integrated out after having used
its equation of motion, given by
e4Ω
∂U(Ω, ϕ2, ϕ3)
∂ϕ3
− e−2Ω
[
R˜µν − 2∇˜µ∇˜νΩ
+2∇˜µΩ∇˜νΩ−
(
2g˜αβ∂αΩ∂βΩ + ˜Ω
)
g˜µν
]
T˜ µν = 0.
(14)
Here one should bear in mind the same subtleties as dis-
cussed after Eq. (10) for the case of ϕ2. Assuming again
6that the above equation can be algebraically solved for
ϕ3, the solution can be plugged back into the action (13)
to remove the dependence on ϕ3. To be more precise,
when both ϕ2 and ϕ3 are present, the condition for the
solvability of ϕ2 and ϕ3 in terms of their own equations
of motion is given by the non-degeneracy of the matrix
∂2U/∂ϕi∂ϕj with i, j = 2, 3. In other words, this will be
the condition for such fields to be actual auxiliary fields
and not lagrange multipliers. This condition is actually
linked to the condition for the validity of the Legendre
transformation of the original action because one can eas-
ily show that
∂2U
∂ϕi∂ϕj
= −
(
∂2f
∂χi∂χj
)−1
(15)
again, for i, j = 2, 3. The fact that ϕ3 is an auxiliary
field will be a crucial obstruction for the stability of the
theory as we shall exemplify below in the subsequent Sec-
tions. In fact, this shortcoming will motivate the use of
gravitational Lagrangians which are linear in RµνT µν so
that the system (4) is degenerate and ϕ3 cannot be de-
fined as an auxiliary field. This will make contact with
Horndeski-type of interactions because provided that ϕ3
is not really an auxiliary field that needs to be integrated
out, we see from (14) that the potentially dangerous term
for the conformal factor is linear in the second deriva-
tives of the conformal mode Ω, i.e., it is of the form
Kµν∇˜µ∇˜νΩ where Kµν only depends on derivatives of
the matter fields. Thus, it is a general result that pro-
vided Kµν does not contain time derivatives5, the field
equations are actually second order. Consequently, the
Ostrogradski instability is avoided. For this purpose, it
is crucial that ϕ3 is not an auxiliary field since other-
wise, even if the structure of Kµν∇˜µ∇˜νΩ is correct, after
integrating out ϕ3, the avoidance of the Ostrogradski in-
stability will be compromised.
Upcoming sections shall in fact be devoted to better
explaining and illustrating the aforementioned general
statements when applied to specific choices of the matter
Lagrangian, in particular to scalar and vector fields.
III. CANONICAL SCALAR FIELD
In order to clarify the general discussion performed
in the previous section we shall focus here on a set-up
where the matter sector is given by a scalar field. Thence
we start by considering the simplest case of a canonical
scalar field and we will make contact with Horndeski type
of interactions to guarantee the avoidance of Ostrograd-
ski instability. Thus, the matter Lagrangian will be given
5 Actually, if Kµν only depends on Ω, even if it contains time
derivatives, the equations of motion are second order. See Ap-
pendix for more details.
by
Lm = Lφ = 1
2
∂µφ∂
µφ− V (φ) , (16)
with V (φ) the potential of the scalar field. The corre-
sponding energy-momentum tensor for the scalar field is
Tµν = ∂µφ∂νφ− gµνLφ . (17)
and the trace of the energy-momentum tensor and the
contraction RµνT µν provide
T = −(∂φ)2 + 4V (φ) ,
RµνT
µν = Gµν∂
µφ∂νφ+RV (φ) , (18)
with the usual definition for the Einstein tensor Gµν ≡
Rµν − 1/2gµνR and we have used the notation (∂φ)2 ≡
∂µφ∂
µφ. Once the arguments of the gravitational La-
grangian have been expressed in terms of the scalar field,
action (1) will take the form
S =
∫
d4x
√−g
[
f
(
R,−(∂φ)2 + 4V (φ), Gµν∂µφ∂νφ
+ RV (φ)
)
+ Lφ(gµν , φ)
]
, (19)
so that we obtain a non-minimally coupled theory with
derivative couplings of the scalar field to the Ricci curva-
ture. As it is well-known, this type of couplings leads to
higher-order equations of motion and consequently they
generally suffer from the Ostrogradski instability [13].
This instability is actually present in general theories
containing arbitrary contractions of the Riemann tensor,
being the f(R) theories an exceptional case where the
presence of constraints removes the unstable dynamical
degree of freedom6 as explained in the previous Section.
The usual approach to avoid this instability a priori
consists of building actions leading to second-order equa-
tions of motion. For instance, in a purely gravitational
context such actions are given by the Lovelock invari-
ants which in four dimensions reduce to a cosmological
constant, the Ricci scalar and the Gauss-Bonnet term,
the latter being a topological invariant. In this realm, in
the context of scalar-tensor theories, the analogous La-
grangians with second order equations of motion were ob-
tained by Horndeski [16]. The appropriate gravitational
Lagrangian can be written as a sum of the following four
6 This fact is a consequence of the degeneracy of the transforma-
tion to canonical variables, which is a crucial step in the Ostro-
gradski construction [13].
7terms:
L2 = K(φ,X) , (20)
L3 = G3(φ,X)φ , (21)
L4 = G4(φ,X)R
−G4,X(φ,X)
[
(φ)2 − (∇µ∇νφ)2
]
, (22)
L5 = G5(φ,X)Gµν∇µ∇νφ+ 1
6
G5,X(φ,X)
[
(φ)3
− 3(φ)(∇µ∇νφ)2 + 2(∇µ∇νφ)3
]
, (23)
where X ≡ 12∂µφ∂µφ, K and G3,4,5 are arbitrary func-
tions of φ andX and the subindex , X refers to the deriva-
tive with respect to X . Therefore, in order to avoid Os-
trogradski instability for the theories considered in (1),
it is sufficient to guarantee that the action lies within the
aforementioned Horndeski theories either for the origi-
nal form of the action or in the multiscalar representa-
tion. Notice that in the multiscalar representation we
will eventually have two scalar fields (the matter scalar
field plus the conformal mode), so the considered ac-
tions will actually be more general than the above Horn-
deski terms. We clearly see that this requirement will
extremely constrain the permitted form of the gravita-
tional Lagrangians f(R, T,RµνT µν). We should stress
here that, while the Horndeski terms are the most gen-
eral ones explicitly leading to second order equations of
motion, they are not the most general theories that prop-
agate one spin-2 plus one spin-1 fields. A more general
class of theories has been shown to propagate exactly
the same degrees of freedom as the Horndeski terms even
though the equations are of a higher order [18]. The rea-
son can be traced to the existence of hidden constraints
that reduce the required number of boundary conditions.
Some terms within that class of theories can actually be
related to some Horndeski terms by means of a general
disformal transformation [19].
A. Preservation of second order field equations
We will first look for conditions on the function f so
that the theory contains no higher than second order
equations of motion in its original form. This will guar-
antee that neither the gravitational sector nor the matter
sector will propagate more degrees of freedom than it cor-
responds, i.e., the two corresponding to the graviton plus
one associated with the scalar field (or, in other words,
the conformal mode is not excited). In the next sub-
section we will drop this condition to let the conformal
mode propagate as well and we will find conditions for
the absence of Ostrogradski instabilities also in that case.
From the form of the Horndeski Lagrangians, one can
a priori infer that curvature-scalar field couplings need to
be linear in the curvature according to L4,5 to maintain
the second order nature of the field equations. This lin-
earity in the curvature implies a first stringent constraint
on the function f , which consequently needs to be of the
form
f(R, T,RµνT
µν) = f1(T )R+ f2(T )RµνT
µν + f3(T ) ,
(24)
for arbitrary functions f1,2,3(T ). Of course this is not
the most general case free from the Ostrogradski insta-
bility because it is well-known that higher-order terms
in derivatives can lead to stable field equations provided
they correspond to the special class of degenerate theo-
ries. For instance, we could have added an arbitrary func-
tion of the Ricci scalar in (24) or considered more general
scalar-tensor interactions as commented above, without
introducing this instability. Let us also remember that
f3(T ) is in fact a function of X and φ and therefore lies
in L2.
For our scalar field scenario with the result in (18) and
the form for the function f given in (24), the correspond-
ing action becomes
S =
∫
d4x
√−g
[
(f1(T ) + f2(T )V )R
+ f2(T )G
µν∂µφ∂νφ+ f3(T ) + Lφ
]
, (25)
with f1,2,3 functions only of T = −2X + 4V (φ). Now
we want to obtain further constraints on f1,2 so that the
action can be mapped into Horndeski-like terms. The
absence of terms of the type (∇∇φ)3 in (25) suggests
that f2 should be a function of φ only and not of X .
However f2 is a function of the energy-momentum ten-
sor trace T = −2X + 4V (φ) so that it also explicitly
depends upon X . Consequently the only possibility left
is that f2 is simply a constant. Thus the only remain-
ing arbitrary function would be f1(T ). Nonetheless, this
function is not arbitrary either since if (25) is required to
be Horndeski-like, the only way the first term in (25) can
be mapped to G4 is for f1+f2V being solely a function of
φ, which analogously to the reasoning used for f2, leads
to conclude that f1 also needs to be a constant. There-
fore, the requirement explicitly guaranteeing second or-
der field equations in f(R, T,RµνT µν) theories with a
standard scalar field as matter sector leads to actions of
the form
S =
∫
d4x
√−g
[(
c1 + c2V (φ)
)
R
+
1
2
(
gµν + c2G
µν
)
∂µφ∂νφ− V (φ) + f3(−2X + 4V )
]
(26)
with c1,2 some constants7. One can now immediately
identify the different terms in the above action with the
7 The curly brackets after f3 must be understood as the argument
of f3 since T = −2X + 4V in this case according to (18).
8corresponding Horndeski Lagrangians with
G2 =
1
2
gµν∂µφ∂νφ− V (φ) + f3 (2X + 4V (φ)) ,
G3 = 0,
G4 = c1 + c2V (φ),
G5 = −c2φ, (27)
where we have used that, via integration by parts,
Gαβ∂αφ∂βφ → −φGαβ∇α∇βφ. For a scalar field with-
out potential, i.e., with a shift symmetry φ → φ + c
with c a constant, the first term in (26) simply ren-
ders the Einstein-Hilbert term (and we should identify
c1 ≡ −(16πG)−1) whereas the last term gives a contri-
bution in the form of a K-essence term. If we further set
f3 = 0, then we end up with a non-minimally derivatively
coupled scalar field whose non-minimal coupling is to the
Einstein-tensor. This simplified case was explored in [39]
as a model of inflation and in [40] black-hole solutions
were obtained. The non-minimal derivative coupling to
the Einstein tensor also arises in the covariantization of
the decoupling limit of massive gravity [41]. Thus, these
models can be regarded as specific cases of the general
f(R, T,RµνT
µν) theories where the function is subject to
be simply f = RµνT µν or, in other words, the derivative
coupling to the Einstein tensor can be alternatively seen
as a coupling of the Ricci tensor to the energy-momentum
tensor of the scalar field.
B. Multiscalar-tensor representation analysis
Let us now consider more general actions by using the
multi-scalar representation for the canonical scalar field
studied above, i.e., we will now let the conformal mode be
excited. This approach will enable us to detect and iden-
tify the instabilities that f(R, T,RµνT µν) Lagrangians
may suffer for more general models with field equations
beyond second order. Equivalently, this procedure will
allow us to find general actions with higher-order field
equations which are actually healthy in a similar manner
to f(R) theories. Before proceeding, a subtlety should be
remarked on at this stage: as we can see from (18), the
coupling RµνT µν will also generate a coupling between
the scalar field potential and the Ricci scalar V (φ)R.
Therefore, after performing the conformal transforma-
tion, the definition of the conformal mode needs to be
modified to Ω ≡ log 1√
16piG(ϕ1+V (φ)ϕ3)
. After taking this
into account, the action becomes8
S =
∫
d4x
√
−g˜
{
Uˆ(Ω, T˜ , ϕ3)− 1
16πG
[
R˜ − 6(∂Ω)2
]
−ϕ3
[
G˜µν∂µφ∂νφ+ 2 (∂µΩ∂
µφ)
2
+ (∂Ω)2(∂φ)2
+ 2
(
g˜µν(∂φ)2 − ∂µφ∂νφ
)
∇˜µ∇˜νΩ
]}
. (28)
In this case, the last expression explicitly shows why the
fact that ϕ3 is an auxiliary field will be problematic. Al-
though the terms in brackets in the second line of the
above expression provide the appropriate structure in or-
der to guarantee second-order equations of motion, one
will in general generate potentially dangerous terms again
after integrating ϕ3 out. For instance, for a theory with
second derivatives of a scalar field (the conformal mode
in our case) one typically needs the second derivatives
to appear linearly, as it happens in (28). However, af-
ter integrating ϕ3 out, such second derivatives will en-
ter non-linearly in the action, thus spoiling the required
structure. A loophole in this conclusion occurs for a La-
grangian f with a linear dependence on the argument
RµνT
µν . In such a case, the auxiliary field ϕ3 cannot be
defined and the resulting action would read
S =
∫
d4x
√
−g˜
{
Uˆ(Ω, T˜ , ϕ3)− 1
16πG
[
R˜ − 6(∂Ω)2
]
− α
[
G˜µν∂µφ∂νφ+ 2 (∂µΩ∂
µφ)
2
+ (∂Ω)2(∂φ)2
+ 2
(
g˜µν(∂φ)2 − ∂µφ∂νφ
)
∇˜µ∇˜νΩ
]}
(29)
with α a constant parameter. The potentially dangerous
terms are in the second line of the above expression. The
non-minimal coupling of the field φ is to the Einstein
tensor and multiplied by a function of only Ω and not
its derivatives. Therefore, this coupling will be of the
Horndeski form. The other term that can potentially
lead to higher-order equations of motion is the coupling
of φ to the second derivatives of Ω. However, this is
also a safe interaction because the tensor structure of
Kµν ≡ g˜µν(∂φ)2 − ∂µφ∂νφ is such that K00 does not
contain any time derivatives and this guarantees that the
field equations will be second order (see Appendix for
further details).
IV. K-ESSENCE THEORIES
After studying in detail the case of a canonical scalar
field, let us move on to a more general case where the
action for the scalar field is given by a K-essence model,
8 In the expression (28) it must be understood that indices are now
raised and lowered with the metric g˜µν . For instance, (∂Ω)2 ≡
g˜αβ∂αΩ∂βΩ.
9i.e., the matter Lagrangian now reads
Lm = LK = K(φ,X), (30)
where K(φ,X) is an arbitrary function of its arguments.
The previous case for a canonical scalar field corresponds
to the particular case K(φ,X) = X−V (φ). We will pro-
ceed in a similar manner to the precedent Section and,
in addition to obtain constraints on the gravitational ac-
tion f , we will obtain conditions on K. However, here
we will aim to show that the freedom in the choice for
the functionK(φ,X) allows us for more general functions
f(R, T,RµνT
µν). The relevant quantities in this case are
given by
Tµν = K,X∂µφ∂νφ− gµνK, (31)
T = 2K,XX − 4K, (32)
RµνT
µν = K,XG
αβ∂αφ∂βφ+R (K,XX −K) ,(33)
where we can start to see the role that the form of the
K-function and its dependence on X might play in the
coupling terms. In particular, we see that the coupling
RµνT
µν generates a derivative interaction with the Ricci
scalar in addition to the non-minimal coupling to the
Einstein tensor that we obtained in the canonical scalar
field case. In fact, this might be the origin of pathologies
for general K-essence models. The general action will
take the form:
S =
∫
d4x
√−g {f (R, 2K,Xgµν∂µφ∂νφ− 4K(X,φ),
2K,XG
αβ∂αφ∂βφ+R [K,XX −K(φ,X)]
)
+ K(φ,X)} . (34)
Analogously to the scheme in the previous section, we
will look for conditions to be imposed on the function f
so that the theory does not lead to higher than second
order equations of motion in its original form. Again, for
the action to be of the Horndeski type, the non-minimal
coupling must be linear in the curvature and, therefore,
the function f should also be linear in R and RµνT µν.
After imposing such restrictions, the action (34) simply
reads
S =
∫
d4x
√−g
[
f1(T )R+ f2(T ) + f3(T )RµνT
µν
+ K(φ,X)
]
=
∫
d4x
√−g
{ [
f1(T ) + f3(T )
(
K,XX −K
)]
R
+ f2(T ) + f3(T )K,XG
µν∂µφ∂νφ+K(φ,X)
}
, (35)
with T given by (32). A reasoning similar to the one
below (25) allows us to establish that f3K,X should be a
function of φ only and not of X , i.e.,
∂X
(
f3K,X
)
= 0 , (36)
so that f3K,X = g1(φ). Again, proceeding analogously
to the reasoning below (25), we can also conclude that
f1(T ) + f3(T )
(
K,XX − K
)
should also be a function
of only φ. Now, if we combine these two conditions we
finally obtain that the following equation must be fulfilled
∂X
[
f1(T ) + g1(φ)X − f3K
]
= 0 , (37)
which, by using that ∂Xfi = 2f ′i
(
K,XXX − K,X
)
for
i = 1, 3, can be expressed as
2
(
f ′1 − f ′3K
)
XK,XX − 2
(
f ′1 + f3
)
K,X + f
′
3
(
K2
)
,X
= −g1, (38)
where primes denote derivative with respect to the argu-
ment (T in this case). We see that for the canonical scalar
field, for which K = X − V (φ), the above conditions im-
ply that f1 and f3 can only depend on φ so that, being
functions of T , this is only possible if they are indeed con-
stant functions, in agreement with our previous result. In
the present case however, the freedom in the choice of the
function K(φ,X) allows for more general cases provided
Eq. (36) together with (38). For instance, a straight-
forward generalization of the canonical scalar field is to
impose K,XX = 0 or, more explicitly, a model with
K(φ,X) = h(φ)X − V (φ) , (39)
where h(φ) and V (φ) are arbitrary functions of the scalar
field. According to (36), this condition also implies that
f3 must be a constant and, additionally, Eq. (38) further
imposes that f1 also needs to be a constant. Notice that
for this particular case, we have that K,XX −K = V (φ)
and, therefore, all the non-minimal derivative couplings
in the action are through the functions f1(T ) and f3(T ),
as in the canonical scalar field case. Thus, our action for
(39) with f1 and f3 constants will adopt the following
form:
S =
∫
d4x
√−g
{
gˆ(φ)R + hˆ(φ)Gµν∂µφ∂νφ+ Kˆ(φ,X)
}
,
(40)
where gˆ(φ) = f1+ f3g(φ), hˆ(φ) = f3h(φ) and Kˆ(φ,X) ≡
f2(T ) + K(φ,X). One can now easily verify that this
action is of the Horndeski type with
G2 = Kˆ(φ,X),
G3 = 0,
G4 = gˆ(φ),
G5 = −hˆ(φ)φ. (41)
We will not explore more general models here but we will
stress that for any choice of non-minimal couplings, i.e.,
given f1(T ) and f3(T ), the conditions expressed in (36)
and (38) will impose tight constraints on the possible
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form of K(φ,X). Analogously, inverting the argument,
given a function K(φ,X), said conditions will strongly
limit the allowed functions f1(T ) and f3(T ). As a fi-
nal comment, let us remember that our aim here was to
obtain theories with second order equations of motion,
so our conditions will be sufficient to avoid the Ostro-
gradski instability, but models free from such instabili-
ties might also exist. Finally, one could also allow for
models where the conformal mode can be excited in a
healthy way within the context of K-essence models by
going to the multi-scalar representation of the theory. In
such a formulation, analogous equations might be ob-
tained relating the possible forms of the functions f and
K to avoid the Ostrogradski instability for the conformal
mode.
V. VECTOR FIELDS
In the precedent sections we have considered a scalar
field as our matter lagrangian. Let us now consider the
case of a massive vector field whose lagrangian is given
by
Lm = −1
4
FµνF
µν +
1
2
M2A2, (42)
with Fµν ≡ ∂µAν − ∂ν Aµ, and M the mass of the field.
Consequently the energy-momentum tensor reads
Tµν = −FµαFνα + 1
4
gµνF
2 − M
2
2
gµνA
2 +M2AµAν .
(43)
whose trace and contraction with the Ricci scalar become
respectively
T = −M2A2, (44)
RµνT
µν =
1
4
(
RFµνF
µν − 4RµνFµαF να
)
+ M2GµνA
µAν . (45)
As expected, the trace T vanishes for the case of a mass-
less vector field as it corresponds to a conformally in-
variant theory. Along the very same line of reasoning
as discussed in the previous section for the scalar field
case, these theories will typically contain the Ostrograd-
ski instability arising from the non-minimal coupling of
the vector field with the scalar curvature.
In principle one could also attempt to obtain the cor-
responding Hordenski vector-tensor interaction. In this
case however the allowed interaction between the Fara-
day tensor Fµν and the Ricci curvature are much more
restricted and in fact there is a unique coupling between
them that leads to second-order equations of motion.
Such a coupling was already computed by Horndeski [42]
and it is given by
LαβγδFαβFγδ = RFµνF
µν − 4RµνFµσF νσ
+ RµναβF
µνFαβ (46)
where Lαβγδ = − 12ǫαβµνǫγδρσRµνρδ stands for the dou-
ble dual Riemann tensor. The cosmology of this type of
interaction was studied in [43] and its stability was thor-
oughly analyzed in [44]. A careful comparison between
(45) and (46) shows that only the first two terms in the
right-hand side of (46) appear in (45) but the last one
in (46) is absent. Thus one is led to infer that for both
massive and massless vector fields, actions of the form
(1) cannot lead to second-order equations of motion. It
should be noticed that kinetic interactions involving sec-
ond derivatives of the vector field as those considered in
[45] cannot appear because of the gauge invariance of the
kinetic term in the Proca action.
Let us also show for completeness the multi-scalar rep-
resentation for the vector field just studied. After per-
forming the redefinitions introduced in Section II the ac-
tion (6) becomes,
S =
∫
d4x
√
−g˜
{
e4ΩUˆ − 1
16πG
[
R˜− 6(∂Ω)2
]
− ϕ3M2G˜µνAµAν − ϕ3e−2Ω
(
1
4
F˜ 2R˜− R˜µν F˜
µα
F˜ να
)
+ 2ϕ3
[
e−2Ω
(
1
4
F˜ 2g˜µν − F˜µαF˜ να
)
−M2
(
A˜2g˜µν − A˜µA˜ν
)]
∇˜µ∇˜νΩ
− 2ϕ3
[
e−2Ω
(
1
4
F˜ 2g˜µν − F˜µαF˜ να
)
+M2
(
A˜2g˜µν + A˜µA˜ν
)]
∇˜µΩ∇˜νΩ + e4ΩLm
(
e2Ωg˜µν , A˜
)}
, (47)
where F˜ 2 ≡ F˜µνFµν , F˜µν ≡ g˜µαg˜νβFαβ and F˜µν ≡
g˜µαFαν . Here again, one can identify the instability
problems discussed above. Again, as it happened for the
scalar field case, the fact that ϕ3 is an auxiliary field will
typically lead to undesired terms even if the structure of
the couplings of the vector field, curvature and the con-
formal mode are appropriate. However, for theories linear
in RµνT µν , ϕ3 appearing in (47) will not be an auxiliary
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field, but a simple constant parameter. We will assume
this in the following discussion.
The first problem with the vector field could have
arisen from the direct coupling of Aµ to the scalar cur-
vature since such couplings usually introduce additional
modes associated with an extra propagating degree of
freedom for the vector field. However, for the simple
case of a Proca field, the direct coupling to the curvature
happens through the Einstein tensor which guarantees
the absence of such an extra mode. This can easily be
seen by resorting to the Stueckelberg trick, i.e., if we
consider the purely longitudinal mode Aµ = ∂µθ. Such a
mode will couple to the Einstein tensor precisely in the
form required to be of the Horndeski form and, there-
fore, it will not introduce any additional modes. This
kind of interaction was studied in [46] as a non-minimal
coupling to the electromagnetic field that could serve as a
mechanism to generate magnetic fields from neutral but
rotating bodies. It also arises in a natural manner within
the context of Weyl geometries [47].
Another problem with the above action is the deriva-
tive non-minimal coupling, i.e., the coupling between Fµν
and the curvature. Again, this is not of the Horndeski
vector-tensor type of interaction and, thus, it will lead to
higher-order equations of motion with the Ostrogradski
instability. This would be enough to prove the instability
of these theories in curved backgrounds. However, also
the coupling of the conformal mode to Fµν is patholog-
ical. Such a coupling possesses a structure of the form
e2Ω
(
FµαF να − 14F 2g˜µν
) ∇˜µ∇˜νΩ. If we focus on second
time derivatives, we find (1/2F0iF 0i−1/4FijF ij)∇˜0∇˜0Ω
that will lead to higher-order equations of motion due to
the presence of the F0iF 0i term.
We can conclude that gravitational theories described
by f(R, T,RµνT µν) lead to Ostrogradski instabilities in
a very general manner when coupled to vector fields. We
therefore find it reasonable to abandon the universality of
the non-minimal couplings of these theories and consider
them only for specific forms of the matter sector, e.g. a
certain class of scalar fields, for which the instabilities
can be avoided.
VI. PARTICULAR MODELS
In this section we will show how our general discussions
and results for the gravitational theories under study in
this work for specific realizations. We will choose the
models so we can explicitly see some of the points raised
above. For simplicity, in the following we will consider
a canonical scalar field as corresponding to the matter
Lagrangian.
A. Model I: f(R, T, RµνT
µν) = αRn + β(RµνT
µν)m
We start by considering a superposition of two power
laws so that the action takes the form
SI =
∫
d4x
√−g
[
αRn + β
(
Gµν∂µφ∂νφ+RV (φ)
)m
− 1
2
(∂φ)2 − V (φ)
]
. (48)
The definitions for the auxiliary fields ϕi = − ∂f∂χi in this
case yield ϕ1 = −nαχn−11 and ϕ3 = −mβχm−13 . We see
that the condition for the invertibility of these relations
is that m and n are different from 1, i.e., whenever the
dependence on R and RµνT µν is not linear. In the case
of n = m = 1 the theory is stable because we simply
have the Einstein-Hilbert term plus a canonical scalar
field with a non-minimal derivative coupling to the Ein-
stein tensor which, as discussed several times throughout
this work, corresponds to a healthy coupling. Moreover,
even for n 6= 1 the theory will be free of Ostrogradski in-
stabilities. To see this more clearly it is convenient to go
to the multi-scalar representation. After the appropriate
conformal transformation, our action for arbitrary n and
m = 1 reads:
SI =
∫
d4x
√
−g˜
{
e4ΩU(Ω)− 1
16πG
[
R˜− 6(∂Ω)2
]
− β
[
G˜µν∂
µφ∂νφ+ 2(∂αΩ∂
αΩ)2 + (∂Ω)2(∂φ)2
+ 2
(
g˜µν(∂φ)2 − (∂µφ∂νφ)) ∇˜µ∇˜νΩ
]
+ e4ΩLm(φ, e2Ωg˜µν)
}
. (49)
Here again we see that the conformal mode couples to the
scalar field in the appropriate way not to lead to higher-
order equations of motion and the derivative non-minimal
coupling of the scalar field φ belongs to the Horndeski
type. Therefore, for this case the theory avoids the Os-
trogradski instability. However, for arbitrarym, the cou-
pling RµνT µν will spoil the nice structure of the above
equation and, therefore, the Ostrogradski instability will
reappear. A particular case with n = 1 and arbitrary m
is a special case that we treat in more detail in the next
subsection.
B. Model II: f(R, T,RµνT
µν) = − R
16piG
+ β(RµνT
µν)m
This is a particular case of the class of models above
with n = 1. This case is special because the auxiliary
field ϕ1 which is usually mapped into the conformal mode
cannot be defined due to the non-invertibility of the Leg-
endre transformation for χ1. Thus, we can only introduce
the field χ3 and it is related to ϕ3 by −ϕ3 = −mβχm−13 .
Again, form = 1 this transformation is not invertible and
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must be treated separately (see the end of this section).
The action in terms of the auxiliary fields now yields
SII =
∫
d4x
√−g
[
U(ϕ3)−
(
1
16πG
+ ϕ3V (φ)
)
R
− ϕ3Gµν∂µφ∂νφ+ Lm(φ, gµν)] , (50)
with U(ϕ3) = β(1 −m)
(
−ϕ3
mβ
) m
m−1
. Accordingly we can
see that the conformal mode will still be excited but
now it will be originated from the auxiliary field ϕ3.
Therefore, the auxiliary field ϕ3 will disappear from the
action after performing the conformal transformation.
In fact, the required conformal factor is now given by
ϕ3 =
e−2Ω−1
16piGV (φ) and the resulting action reads
SII =
∫
d4x
√
−g˜
{
e4ΩU(Ω, φ) − 1
16πG
(
R˜+ 6(∂Ω)2
)
+
1− e−2Ω
16πGV (φ)
[
G˜µν∂µφ∂νφ+ 2(∂
αΩ∂αφ)
2
+ (∂Ω)2(∂φ)2 + 2(g˜µν(∂φ)2 − ∂µφ∂νφ)∇˜µ∇˜νΩ
]
+ e4ΩLm(φ, e2Ωg˜µν)
}
, (51)
where we can see that all the interactions containing sec-
ond order derivatives have the appropriate form to avoid
higher-order equations of motion. Thus, even though the
starting action is not linear in RµνT µν , the fact that it is
linear in the scalar curvature makes the theory free from
Ostrogradski instabilities. The underlying reason, as we
have shown, is that one cannot define the auxiliary field
ϕ1 and this actually ensures that it is the auxiliary field
ϕ3 the one that will be mapped into the conformal mode
and, therefore, it will not be present in the final action
after the conformal transformation.
The case with m = 1 was studied in [12] and corre-
sponds to the particular model described by the action
SII =
∫
d4x
√−g
{
[1 + αV (φ)]R+ αGµν∂µφ∂νφ
+ Lm(φ, gµν)
}
(52)
where we see that the theory belongs to the Horndeski
class for the scalar field φ and the conformal mode is not
excited.
C. Model III: f(R, T,RµνT
µν) = αR (1 + βRµνT
µν)
case
Now we will consider a slightly more involved model
where the different arguments of the function f appear
mixed. The field redefinition from the fields χi to the
fields ϕi is given (notice that we only have χ1 and χ3
but not χ2 because there is no dependence on T in the
action): ϕ1 = −α(1 + βχ3) and ϕ3 = −αβχ1. This
field redefinition is actually an injective transformation
for α 6= 0 and β 6= 0 so that it is perfectly valid. More-
over, notice that the matrix ∂2f/∂χi∂χj has determinant
det(∂2f/∂χi∂χj) = −(αβ)2 which is non-vanishing and,
therefore, the Legendre transformation is legitimate. Af-
ter introducing the auxiliary fields ϕi the action reads
SIII =
∫
d4x
√−g
[
U(ϕ1, ϕ3)−
(
ϕ1 + ϕ3V (φ)
)
R
− ϕ3Gµν∂µφ∂νφ] (53)
with U(ϕ1, ϕ3) = ϕ3χ3 = − 1βϕ3(1 + 1αϕ1). We see in
this case that both ϕ1 and ϕ3 appear linearly so they
could be seen as Lagrange multiplier fields. However,
since ∂2U/∂ϕi∂ϕj is a non-degenerate matrix (which co-
incides with the inverse of −∂2f/∂χi∂χj , as we explained
above), the equations of motion for ϕ1 and ϕ3 actually
allow us to algebraically solve them, so they are indeed
auxiliary fields. This will be the main obstruction for the
stability of this theory because that will make the term
Gµν∂µφ∂νφ appear non-linearly in the action and, there-
fore, the Ostrogradski instability will be present. Notice
also that the conformal mode will be excited and can
be associated with ϕ1 so that we do not encounter the
situation that allowed us to assure the stability of the
model II where the field ϕ3 could be used to excite the
conformal mode and, therefore, it disappeared from the
transformed action.
VII. CONCLUSIONS
In this work we have considered a class of universal
non-minimally coupled theories of gravity where the non-
minimal coupling is achieved through couplings of the
energy-momentum tensor of the matter sector to the cur-
vature, i.e., the gravitational Lagrangian is of the form
f(R, T,RµνT
µν). These theories have received some at-
tention in recent literature and might offer interesting
cosmological applications. The aim of this work has been
to clarify some issues concerning the consistency and sta-
bility of such theories. First of all, we discussed the fact
that the energy-momentum tensor appears at the level of
the action and this might pose consistency problems since
the energy-momentum tensor is a quantity to be derived
from the action. Another way of expressing the potential
inconsistency is that the energy-momentum tensor is the
conserved current associated with infinitesimal transla-
tions. However, if plugged back in the action this state-
ment is no longer true and, in fact, such a quantity will
not be conserved anymore. As we argued in section II,
for the considered theories, the object entering the action
is not really the conserved energy-momentum tensor and
should be regarded simply as an operational manner to
define the theory.
Secondly, another potential problem with these the-
ories is the presence of second order derivatives in the
13
Lagrangian that will typically lead to higher-order equa-
tions of motion with the associated Ostrogradski insta-
bility. The study of this issue has comprised the majority
of this work. We have first shown the problem for a gen-
eral matter Lagrangian. Moreover, we have also allowed
for cases where the conformal mode can also be excited.
We have found two sources from which the Ostrogradski
might appear. The first one is the generation of derivative
non-minimal couplings of the matter fields to curvature,
while the second one corresponds to the conformal mode
entering with second derivatives in the action. After pre-
senting the general framework to analyze the presence
of Ostrogradski instabilities for these types of theories
we have considered specific cases for the matter sector,
namely: a canonical scalar field, a K-essence field and,
finally, a vector field. For the canonical scalar field we
have found conditions under which both the scalar field
and the conformal mode lead to second order equations of
motion. For that we have imposed that the correspond-
ing terms in the action are of the Horndeski form, as
those are the most general terms for scalar-tensor theo-
ries yielding second order equations of motion. However,
as we have already commented, those do not correspond
to the most general scalar-tensor theory free from the Os-
trogradski instability so that our results can be viewed
as sufficient conditions, although more general theories
might still be possible. Subsequently to the detailed anal-
ysis for the canonical scalar field case we have considered
generalK-essence models. In these theories, the presence
of one extra free function opens new possibilities. Thus
we have obtained the conditions to avoid higher-order
equations of motion for general K-essence models.
Finally, after studying the case of scalar fields, we have
considered the case of a Proca vector field. Unlike the
scalar field case, we have found that it is not possible to
obtain viable models free from the Ostrogradski instabil-
ity. This led us to conclude that the universal nature of
the non-minimal coupling should be abandoned because,
although it is possible to obtain stable models for scalar
fields, it is troublesome to have couplings to vector fields.
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